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SECOND FUNDAMENTAL FORM OF THE PRYM MAP IN THE
RAMIFIED CASE
ELISABETTA COLOMBO AND PAOLA FREDIANI
Abstract. In this paper we study the second fundamental form of the Prym map Pg,r :
Rg,r → A
δ
g−1+r in the ramified case r > 0. We give an expression of it in terms of the second
fundamental form of the Torelli map of the covering curves. We use this expression to give
an upper bound for the dimension of a germ of a totally geodesic submanifold, and hence of a
Shimura subvariety of Aδg−1+r, contained in the Prym locus.
1. Introduction
Denote byRg,r the moduli space parametrising isomorphism classes of pairs [(C,α,R)] where
C is a smooth complex projective curve of genus g, R is a reduced effective divisor of degree
2r on C and α is a line bundle on C such that α2 = OC(R). To such data it is associated a
double cover of C, π : C˜ → C branched on R, with C˜ = Spec(OC ⊕ α
−1).
The Prym variety associated to [(C,α,R)] is the connected component containing 0 of the
kernel of the norm map Nmpi : JC˜ → JC. Notice that for r > 0, kerNmpi is connected. It
is a polarized abelian variety of dimension g − 1 + r, denoted by P (C,α,R) or equivalently
P (C˜, C). The polarization Ξ is induced by restricting the principal polarization on JC˜ and it
is of type δ = (1, . . . , 1, 2, ..., 2︸ ︷︷ ︸
g times
) for r > 0. For r = 0, 1 it is twice a principal polarization and
we endow P (C˜, C) with this principal polarization.
This defines the Prym map
Pg,r : Rg,r → A
δ
g−1+r, [(C,α,R)] 7→ [(P (C,α,R),Ξ)],
whereAδg−1+r is the moduli space of abelian varieties of dimension g−1+r with a polarization
of type δ. We define the Prym locus as the closure in Aδg−1+r of the image of the map Pg,r.
The codifferential of Pg,r at a generic point [(C,α,R)] is given by the multiplication map
(1.1) (dPg,r)
∗ : S2H0(C,KC ⊗ α)→ H
0(C,K2C(R))
which is known to be surjective (see [11]), therefore Pg,r is generically finite, if and only if
dimRg,r ≤ dimA
δ
g−1+r.
This holds if: either r ≥ 3 and g ≥ 1, or r = 2 and g ≥ 3, r = 1 and g ≥ 5, r = 0 and g ≥ 6.
If r = 0 the Prym map is generically injective for g ≥ 7 ([9], [10]). If r > 0, Marcucci
and Pirola [13], and later, for the missing cases, Marcucci and Naranjo [12] and Naranjo and
Ortega [15] have proved the generic injectivity in all the cases except for r = 2, g = 3, which
was previously studied by Nagaraj and Ramanan, and also by Bardelli, Ciliberto and Verra
(see [14], [1]) and for which the degree of the Prym map is 3.
1 The first author was partially supported by MIUR PRIN 2015“Geometry of Algebraic Varieties”. The
second author was partially supported by MIUR PRIN 2015 “Moduli spaces and Lie theory”. The authors were
also partially supported by GNSAGA of INdAM. AMS Subject classification: 14H10, 14K12.
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In this paper we study the second fundamental form of the restriction of the Prym map to
the open set R0g,r where the Prym map is an immersion, with respect to the orbifold metric on
Aδg−1+r induced by the symmetric metric on the Siegel space Hg−1+r.
In the unramified case r = 0, the second fundamental form of the Prym map was studied in
[5] using the Hodge gaussian maps introduced in [8] and the flat structure on the degree 0 line
bundle α on C. Here in Theorem 2.1 we give a description of the second fundamental form ρP for
all r ≥ 0 in terms of the second fundamental form ρ˜ of the Torelli map j :M2g−1+r → A2g−1+r
described in [8], [3], [6]. At the point [(C,α,R)] we show that ρP is obtained from ρ˜ by first
restricting to the kernel of (dPg,r)
∗ and then projecting to S2H0(K2C(R)).
This also allows us to prove that the map ρP is a lifting of the second gaussian map of the
line bundle KC⊗α (see Proposition 2.3). This was already proved in the unramified case r = 0
in [5] and previously in the case of the Torelli map in [8].
In the second part of the paper we use this description of ρP to study totally geodesic
submanifolds in the Prym loci.
We recall that a conjecture by Coleman and Oort says that for big enough genus, there should
not exist Shimura subvarieties of Ag generically contained in the Torelli locus, i.e. contained
in the Torelli locus j(Mg) and intersecting j(Mg). Shimura subvarieties are totally geodesic,
hence it is possible to approach the conjecture studying the second fundamental of the Torelli
map. This viewpoint was used in [6], where an upper bound on the dimension of a germ of a
totally geodesic submanifold contained in the Torelli locus, depending on g, is given.
In [7] a question similar to the one of Coleman and Oort for Pryms was asked in the case
r = 0, 1, i.e. when the Prym variety is principally polarised and the Prym loci Pg,r(Rg,r)
contain the Torelli locus. More precisely, the question is about the existence, for big enough
genus, of Shimura subvarieties generically contained in the Prym loci. We say that a subvariety
Z ⊂ Ag−1+r is generically contained in the Prym locus if Z ⊂ Pg,r(Rg,r), Z ∩ Pg,r(Rg,r) 6= ∅
and Z intersects the locus of indecomposable polarised abelian varieties. In [7] examples in
low dimension of Shimura curves generically contained in the Prym loci for r = 0, 1 are given,
using Galois covers of P1.
In [4] we gave an upper bound on the dimension of a germ of a totally geodesic submanifold
contained in the Prym locus when r = 0, depending only on g, which is similar to the estimate
in [6] for the Torelli locus, that we achieved via the second fundamental form.
Here we generalise the above question for any r ≥ 0 and we find an upper bound for the
dimension of a germ of a totally geodesic submanifold contained in the Prym loci which depends
on g and r (Theorem 3.4). This is obtained as the generic case of a bound depending also on
the gonality k, given for a germ of a totally geodesic submanifold contained in the Prym loci
passing through a point [(C,α,R)], with C a k-gonal curve (Theorem 3.2).
2. The 2nd fundamental form of the Prym map
Let C be a smooth complex projective curve of genus g, R a reduced divisor of degree 2r
on C and α a line bundle on C such that α2 = OC(R). To such data corresponds a double
cover π : C˜ → C branched on R. In the ramified case r > 0, the Prym variety P (C,α,R)
associated to this data is the polarised abelian variety given by the kernel of the norm map
Nmpi : JC˜ → JC. For r = 0 it is its connected component containing the origin. For
r > 1 the polarisation is given by Ξ := ΘC˜|P (C,α,R), where ΘC˜ is a theta divisor of JC˜. For
r = 0, 1 the polarisation ΘC˜|P (C,α,R) is twice a principal polarisation Ξ. Consider the Prym
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map Pg,r : Rg,r → A
δ
g−1+r, which associates to a point [(C,α,R)] ∈ Rg,r the isomorphism class
of its Prym variety P (C,α,R) with the polarisation Ξ.
As recalled in the introduction, the codifferential of the Prym map (1.1) is given by the
multiplication map and it is surjective at the generic point if either r ≥ 3 and g ≥ 1, or r = 2
and g ≥ 3, r = 1 and g ≥ 5, r = 0 and g ≥ 6 (see [11]).
In these cases we denote by R0g,r the non empty open subset of Rg,r where the Prym map
Pg,r is an immersion.
Consider the orbifold tangent bundle exact sequence of the Prym map
(2.1) 0→ TR0g,r → P
∗
g,rTAδg−1+r
→ NR0g,r/Aδg−1+r
→ 0
On Aδg−1+r we consider the orbifold metric induced by the symmetric metric on the Siegel
spaceHg−1+r and the associated second fundamental form with respect to the metric connection
of the above exact sequence. Denote its dual by
(2.2) ρP : N
∗
R0g,r/A
δ
g−1+r
→ S2Ω1R0g,r .
To describe this second fundamental form we study the second fundamental form of the
Torelli map of the covering curves C˜. Since our computations will be local, we will restrict to
an open set U of R0g,r where there is a universal family f˜ : C˜ → U and the differential of the
modular map U →Mg˜, [C˜ → C] 7→ [C˜] is injective.
Denote by H˜ := R1f˜∗C, H˜b = H
1(C˜b,C), by F˜ = f˜∗ωC˜|U the Hodge bundle, F˜b =
H0(C˜b,KC˜b). The Z/2Z action corresponding to the 2 : 1 covering gives a decomposition
H˜ = H˜+ ⊕ H˜− in ±1 eigenspaces and an analogous decomposition F˜ = F˜+ ⊕ F˜−. We have
F˜+b
∼= H0(Cb,KCb), F˜
−
b
∼= H0(Cb,KCb ⊗ αb), ∀b ∈ U .
The Gauss-Manin connection ∇GM on H˜ induces a connection ∇
1,0 on the Hodge bundle F˜ .
Both connections are Z/2Z invariant, hence we have a connection ∇− on F˜−, and an induced
connection ∇ on S2F˜−. We have the identifications on U : Ω1Mg˜|U
∼= (f˜∗ω
2
C˜|U
) and Ω1U can be
identified with the subbundle preserved by the Z/2Z action: Ω1U = (f˜∗ω
2
C˜|U
)+. Note in fact
that at a point b := [C˜ → C] ∈ U , Ω1Ub = H
0(C,K2C (R))
∼= H0(K2
C˜
)+, as one can easily check
via the projection formula. Moreover P ∗Ω1
Aδg−1+r
∼= S2F˜− and the connection ∇ corresponds
to the connection associated to the Siegel metric on Aδg−1+r.
Consider the exact sequence
(2.3) 0→ I2 → S
2F˜
m
→ f˜∗ω
2
C˜|U
→ 0
where the map m is the multiplication map and it is the dual of the differential of the Torelli
map of the curves C˜ on U .
The second fundamental form of the exact sequence (2.3) is a map
(2.4) Ψ : I2 → f˜∗ω
2
C˜|U
⊗ Ω1U
∼= f˜∗ω
2
C˜|U
⊗ (f˜∗ω
2
C˜|U
)+
Since the multiplication map m is Z/2Z equivariant, we also have the exact sequence:
(2.5) 0→ I+2 → (S
2F˜)+
m
→ (f˜∗ω
2
C˜|U
)+ → 0
4 E. COLOMBO AND P. FREDIANI
Clearly we have (S2F˜)+ ∼= S2F˜+ ⊕ S2F˜− and the restriction of the multiplication map m
to S2F˜− is the dual of the differential of the Prym map P (see [11]). More precisely, with the
identifications on U : P ∗Ω1
Aδg−1+r
∼= S2F˜−, Ω1U = (f˜∗ω
2
C˜|U
)+, the dual of the exact sequence
(2.1) on U can be written as
(2.6) 0→ G → S2F˜−
m
→ (f˜∗ω
2
C˜|U
)+ → 0
where G = S2F˜− ∩ I+2 A
δ
g−1+r
∼= N ∗
U/Aδg−1+r
. So the dual of the second fundamental form of
the Prym map is a map
(2.7) ρP : G → (f˜∗ω
2
C˜|U
)+ ⊗ (f˜∗ω
2
C˜|U
)+,
which is symmetric, since it is the second fundamental form of an immersion. Clearly we have
(2.8) ρP = p ◦Ψ|G
where p : (f˜∗ω
2
C˜|U
)⊗ (f˜∗ω
2
C˜|U
)+ → S2(f˜∗ω
2
C˜|U
)+ is the natural projection.
Denote by g˜ := 2g− 1+ r and consider now the Torelli map j˜ :M0g˜ → Ag˜, whereM
0
g˜ is the
complement of the hyperelliptic locus. Then j˜ is an immersion and we denote by ρ˜ the dual of
the second fundamental form of j˜. Since we are working in a local setting, we can assume that
we have a modular map µ : U → V where V is an open subset of M0g˜ on which there exists a
universal family ϕ : C˜V → V . The family C˜ is the pullback of C˜V via the map µ.
On V we have
(2.9) 0→ I2(ωC˜V |V )→ S
2(ϕ∗ωC˜V |V )
m
→ ϕ∗ω
2
C˜V |V
→ 0
and the multiplication map m is the dual of the differential of the Torelli map.
On V the dual of the second fundamental form of the Torelli map is a map
(2.10) ρ˜ : I2(ωC˜V |V )→ ϕ∗ω
2
C˜V |V
⊗ ϕ∗ω
2
C˜V |V
The pullback of the above exact sequence on U via µ is the exact sequence (2.3). Hence we
have
(2.11) Ψ = q ◦ µ∗ρ˜
where q : (f˜∗ω
2
C˜|U
)⊗ (f˜∗ω
2
C˜|U
)→ (f˜∗ω
2
C˜|U
)⊗ (f˜∗ω
2
C˜|U
)+ is the natural projection.
We have the following
Theorem 2.1. The dual of the second fundamental form of the Prym map on U is obtained
as ρP = p
′ ◦ (µ∗ρ˜)|G, where p
′ : S2(f˜∗ω
2
C|U)→ S
2((f˜∗ω
2
C|U)
+) is the natural projection.
Proof. By (2.8) and (2.11) we have ρP = p ◦Ψ|G = p ◦ q ◦ (µ
∗ρ˜)|G = p
′ ◦ (µ∗ρ˜)|G . 
At the point b0 := [(C,α,R)] ∈ U corresponding to the 2 : 1 cover π : C˜ → C, the
space P ∗g,rΩ
1
Aδg−1+r ,b0
is isomorphic to S2H0(KC ⊗ α), Ω
1
R0g,r,b0
is isomorphic to H0(K2C(R)),
Gb0
∼= I2(KC ⊗ α), and the dual of the exact sequence (2.1) at the point b0, that is the exact
sequence (2.6) at b0 becomes
0→ I2(KC ⊗ α)→ S
2H0(KC ⊗ α)
m
→ H0(K2C(R))→ 0.
The dual of the second fundamental form of the Prym map at the point b0 is a map
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(2.12) ρP : I2(KC ⊗ α)→ S
2H0(K2C(R))
Observe that ∀Q ∈ I2(KC⊗α)
pi∗
→֒ I2(KC˜)
+, ∀v1, v2 ∈ H
1(TC(−R)) ∼= H
1(TC˜)
+, by Theorem
(2.1) we have:
(2.13) ρP (Q)(v1 ⊙ v2) = ρ˜(π
∗Q)(v1 ⊙ v2).
Denote by
(2.14) µ˜2 : I2(KC˜)→ H
0(K4
C˜
)
the second Gaussian map of the canonical bundle KC˜ and by
(2.15) µ2 := µ2,KC⊗α : I2(KC ⊗ α)→ H
0(K4C(R))
the second Gaussian map of the line bundle KC ⊗ α (for the definition and a local expression
of the second Gaussian maps see e.g. [2], section 2). Notice that µ˜2 is equivariant, hence it
induces a map µ˜2 : I2(KC˜)
+ → H0(K4
C˜
)+ ∼= H0(K4C(2R)).
We have the following
Lemma 2.2. For every Q ∈ I2(KC ⊗ α), µ2(Q) = µ˜2(π
∗Q) via the inclusion H0(K4C(R)) ⊂
H0(K4C(2R)).
Proof. We show the equality by a local computation. For a point P 6∈ R, take local coordinates
z in a neighbourhood V of P and w in a neighbourhood U of a point T ∈ π−1(P ) such that the
local expression of π : U → V is w 7→ w = z. Since α2 = OC(R), α
2
|V = OV and we choose a
local frame a of α on V such that a2 = 1 and (π∗a)|U = 1. Fix a basis {ωi} of H
0(KC ⊗α), so
locally ωi = fi(z)dz⊗a. Then on U we have π
∗(ωi) = fi(w)dw. Take a quadricQ =
∑
i,j ai,jωi⊙
ωj ∈ I2(KC ⊗ α), hence locally π
∗Q =
∑
i,j ai,jfi(w)dw ⊙ fj(w)dw and we have µ˜2(π
∗Q) =
−
∑
i,j ai,jf
′
i(w)f
′
j(w)(dw)
4. On the other hand on V , µ2(Q) = −
∑
i,j ai,jf
′
i(z)f
′
j(z)(dz)
4a2,
hence the statement follows, since a2 = 1.
Observe that the equality can also be checked locally around a critical point T over a point
P ∈ R. So we can assume that the map π : U → V is of the form w 7→ w2 = z. Now
α2|V = OV (P ) and (π
∗α)|U = OU (T ) so we choose a local frame a of α on V such that a
2 = 1z
and (π∗a)|U =
1
w . Now locally π
∗(ωi) = 2fi(w
2)dw and π∗(Q) = 4
∑
i,j ai,jfi(w
2)dw⊙fj(w
2)dw.
So we have
µ˜2(π
∗Q) = −4
∑
i,j
ai,jf
′
i(w
2)f ′j(w
2)4w2(dw)4 = −
∑
i,j
ai,jf
′
i(z)f
′
j(z)
(dz)4
z
.
On the other hand locally µ2(Q) = −
∑
i,j ai,jf
′
i(z)f
′
j(z)(dz)
4a2 = µ˜2(π
∗Q). 
We recall the definition of a Schiffer variation of a line bundle L on a curve C at a point
p ∈ C. Consider the evaluation map v : H0(KC ⊗ L)⊗OC → KC ⊗ L and its dual
ξL : TC ⊗ L
−1 → H1(L−1)⊗OC .
A Schiffer variation in P is a generator of the image of the map
(TC ⊗ L
−1)P → H
1(L−1).
Note that this map can be seen as the coboudary map of the exact sequence
(2.16) 0→ L−1 → L−1(P )→ L−1(P )|P → 0,
with the identification TC |P = OC(P )|P .
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If we fix a local coordinate z centred in P , we choose the Schiffer variation ξP,L in P to be
the Doulbeault class of θP,L =
∂¯bP
z ⊗ l
−1 ∈ A0,1(L−1), where bP is a bump function at P which
is equal to one in a neighborhood of P and l is a local frame of L.
Proposition 2.3. We have the following commutative diagram
I2(KC ⊗ α)
−4piiµ2

ρP
// S2(H0(K2C(R)))
m

H0(K4C(R))
// H0(K4C(2R))
Proof. We recall that we have a similar statement for ρ˜ and µ˜2, namely m ◦ ρ˜ = −2πiµ˜2 (see
[8, Thm. 3.1], [6, Thm. 2.2]). Denote as usual by π : C˜ → C the double cover and by σ the
covering involution on C˜, take a point T ∈ C˜ with T 6= σ(T ) and fix a local coordinate on C˜
around T (and correspondingly around σ(T )) and on C around P := π(T ). For a point S ∈ C˜,
denote by ξS := ξS,K
C˜
.
Then by [8, Thm. 3.1], [6, Thm. 2.2] we have:
(2.17) ρ˜(π∗Q)(ξT ⊙ ξσ(T )) = −4πi(π
∗Q)(T, σ(T )) · η˜T (σ(T )) = −4πiQ(P,P ) · η˜T (σ(T )) = 0,
since Q(P,P ) = 0 and η˜T ∈ H
0(KC˜(2T )) has only one double pole in T , so it is holomorphic
around σ(T ). Set v := ξT + ξσ(T ) ∈ H
1(TC˜)
+. By (2.17) and by the Z/2Z equivariance of ρ˜ we
have:
(2.18) 2ρ˜(π∗Q)(ξT ⊙ ξT ) = ρ˜(π
∗Q)(v ⊙ v) = ρP (Q)(v ⊙ v)
where the last equality is (2.13).
By [8, Thm. 3.1], [6, Thm. 2.2] we have
(2.19) ρ˜(π∗Q)(ξT ⊙ ξT ) = m(ρ˜(π
∗(Q))(T ) = −2πiµ˜2(π
∗Q)(T ) = −2πiµ2(Q)(P ),
by Lemma (2.2).
Consider the line bundle L = KC(R), fix a local coordinate z in P and the corresponding
Schiffer variation ξP,L ∈ H
1(TC(−R)). Choose in T and σ(T ) the local coordinates determined
by z and take the associated Schiffer variations ξT , ξσ(T ) of KC˜ at T and σ(T ). Then with
the identification of H1(TC(−R)) with H1(TC˜)
+, the Schiffer variation ξP,L corresponds to
v = ξT + ξσ(T ). This can be checked as follows: take the exact sequence
(2.20) 0→ TC˜ → TC˜(T + σ(T ))→ TC˜(T + σ(T ))|T+σ(T ) → 0.
The image of its coboundary map H0(TC˜(T + σ(T ))|T+σ(T ))→ H
1(TC˜) is the subspace gener-
ated by {ξT , ξσ(T )} and the Z/2Z-invariant part of this image is generated by v = ξT + ξσ(T ).
Since π is finite, R1π∗TC˜ = 0, so, if we apply π∗ to (2.20), using the projection formula and
the isomorphism π∗OC˜
∼= OC ⊕ α
−1, we get the exact sequence
(2.21)
0→ (TC ⊗ α
−1)⊕ TC(−R)→ (TC ⊗ α
−1(P ))⊕ TC(−R)(P )→ π∗(TC˜(T + σ(T ))|T+σ(T ))→ 0.
Taking the invariant part, we get the exact sequence (2.16) for L = KC(R):
(2.22) 0→ TC(−R)→ TC(−R)(P )→ TC(−R)(P )|P → 0.
In particular we have the isomorphism H0((π∗(TC˜(T +σ(T ))|T+σ(T )))
+) ∼= H0(TC(−R)(P )|P ).
Recall that the Schiffer variation ξP,L is a generator of the image of the coboundary map
H0(TC(−R)(P )|P )→ H
1(TC(−R)) ∼= H
1(TC˜)
+ of the exact sequence (2.22).
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Form this it follows that the subspace 〈v〉 ⊂ H1(TC˜)
+ ∼= H1(TC(−R)) is identified with the
subspace generated by ξP,L. By the choice we made of the coordinates around P , T and σ(T )
one can check the identification of v with ξP,L.
So we have
(2.23) ρP (Q)(v ⊙ v) = ρP (Q)(ξP,L ⊙ ξP,L) = (m(ρP (Q)))(P ),
by the definition of ξP,L, and putting together (2.18), (2.19), (2.23) we get
(2.24) (m(ρP (Q)))(P ) = −4πiµ2(Q)(P )
for all P which is not a critical value of π. Hence m ◦ ρP (Q) and −4πiµ2(Q) are two sections
of H0(K4C(R)) that coincide in the complement of a finite set in C, so they coincide. 
3. Totally geodesic submanifolds
In this section, following the ideas of [6] and [4], we give an upper bound for the dimension
of a germ of a totally geodesic submanifold of Aδg−1+r contained in Pg,r(R
0
g,r).
Proposition 3.1. Assume that [(C,α,R)] ∈ R0g,r is such that C is a k-gonal curve of genus
g, with g + r ≥ k + 3 and α2 = OC(R).
(1) If r > k + 1, then there exists a quadric Q ∈ I2(KC ⊗ α) such that rank ρ(Q) ≥
2g − 2− k + r.
(2) If r ≤ k + 1, then there exists a quadric Q ∈ I2(KC ⊗ α) such that rank ρ(Q) ≥
2g − 2k − 4 + 2r.
Proof. Let F be a line bundle on C such that |F | is a g1k and choose a basis {x, y} of H
0(F ).
Set M = KC ⊗ α⊗ F
−1 and denote by B the base locus of |M |. By Riemann Roch
(3.1) h0(M) = h0(M(−B)) = h0(F ⊗ α−1) + g − 1− k + r ≥ g − k + r − 1 ≥ 2
by assumption.
Note that in case (1) B = ∅, since deg(M) = 2g − 2 + r − k > 2g − 1.
Take a pencil 〈t1, t2〉 in H
0(M). If B 6= ∅, write ti = t
′
is for a section s ∈ H
0(C,OC (B))
with div(s) = B. Then 〈t′1, t
′
2〉 is a base point free pencil in |M(−B)|. Let ψ : C → P
1 be the
morphism induced by this pencil and ψ˜ = ψ ◦ π : C˜ → P1 and set d := deg(ψ) = deg(M(−B)).
Denote by ϕ the morphism induced by the pencil |F | and and ϕ˜ = ϕ ◦ π : C˜ → P1.
Consider the rank 4 quadric Q := xt1 ⊙ yt2 − xt2 ⊙ yt1. Clearly Q ∈ I2(KC ⊗ α). We want
to show that rkρ˜(π∗Q) ≥ d.
Consider the set E := ψ(R ∪Crit(ϕ) ∪Crit(ψ) ∪B) where Crit(ϕ) (resp. Crit(ψ)) denote
the set of critical points of ϕ (resp. ψ). Let z ∈ P1 \ E and let {P1, . . . , Pd} be the fibre
of ψ over z. By changing coordinates on P1 we can assume z = [0, 1], i.e. t′1(Pi) = 0 for
i = 1, . . . d. Then clearly t1(Pi) = 0, so Q(Pi, Pj) = 0 for all i, j. Set {Ti, σ(Ti)} = π
−1(Pi), so
π∗Q(Ti, Tj) = π
∗Q(Ti, σ(Tj)) = Q(Pi, Pj) = 0.
Let us fix a local coordinate at the relevant points and write ξT := ξT,K
C˜
for a Schiffer
variation of C˜ at T . Set vi := ξTi + ξσ(Ti). Clearly vi ∈ H
1(TC˜)
+ ≃ H1(TC(−R)), so by (2.13)
we have ρP (Q)(vi ⊙ vj) = ρ˜(π
∗Q)(vi ⊙ vj).
Hence, by [6, Thm. 2.2], for i 6= j
(3.2)
ρP (Q)(vi ⊙ vj) = ρ˜(π
∗Q)(vi ⊙ vj) = 2ρ˜(π
∗Q)(ξTi ⊙ ξTj ) + 2ρ˜(π
∗Q)(ξσ(Ti) ⊙ ξTj) =
−8πi(π∗Q)(Ti, Tj)η˜Tj (Ti)− 8πi(π
∗Q)(σ(Ti), Tj)η˜Tj (σ(Ti)) = 0
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and
(3.3)
ρ˜(π∗Q)(vi ⊙ vi) = 2ρ˜(π
∗Q)(ξTi ⊙ ξTi) + 2ρ˜(π
∗Q)(ξσ(Ti) ⊙ ξTi) =
−4πiµ˜2(π
∗Q)(Ti)− 8πi(π
∗Q)(σ(Ti), Ti)η˜Ti(σ(Ti)) = −4πiµ˜2(π
∗Q)(Ti) = −4πiµ2(Q)(Pi).
For a rank 4 quadric the second Gaussian map can be computed as follows: µ2(Q) =
µ1,F (x∧y)µ1,M (t1∧ t2), where µ1,F and µ1,M are the first Gaussian maps of the line bundles F
and M (see [2, Lemma 2.2]). Now µ1,F (x ∧ y)(Pi) 6= 0, because Pi 6∈ Crit(ϕ) by the choice of
z. Moreover Pi is not in the base locus B. On C \B the morphism ψ coincides with the map
associated to 〈t1, t2〉. Since Pi 6∈ Crit(ψ), it is not a critical point for the latter map. Therefore
also µ1,M (t1 ∧ t2)(Pi) 6= 0. Thus µ2(Q)(Pi) = µ1,F (x ∧ y)(Pi)µ1,M (t1 ∧ t2)(Pi) 6= 0 for every
i = 1, ..., d.
We claim that the vectors {v1, ..., vd} are linearly independent in H
1(TC˜)
+ ≃ H1(TC(−R)).
In fact we show that the subspace W := 〈ξT1 , ξσ(T1), ..., ξTd , ξσ(Td)〉 of H
1(C˜, TC˜) has dimen-
sion 2d. This is equivalent to say that the annihilator Ann(W ) of W in H0(C˜,K2
C˜
) has codi-
mension 2d. Observe that Ann(W ) = H0(C˜,K2
C˜
(−D)), where D = T1+σ(T1)+...+Td+σ(Td).
Then by Riemann Roch we have h0(K2
C˜
(−D)) = h0(TC˜(D))+4(g˜−1)−2d−(g˜−1) = 3g˜−3−2d,
since deg(TC˜ (D)) = −2(g˜−1)+2d = −4g−2r+4+2d ≤ −4g−2r+4+2(2g−2+r−k−deg(B)) =
−2k − 2deg(B) < 0.
This shows that {ξT1 , ξσ(T1), ..., ξTd , ξσ(Td)} are linearly independent in H
1(C˜, TC˜) and hence
also {v1, ..., vd} are linearly independent in H
1(TC˜)
+.
By (3.2),(3.3) one immediately obtains that the restriction of ρ˜(Q) to the subspace W ′ :=
〈v1, ..., vd〉 is represented in the basis {v1, ..., vd} by a diagonal matrix with entries
−4πiµ2(π
∗Q)(Ti) = −4πiµ2(Q)(Pi) 6= 0 on the diagonal. So ρP (Q) has rank at least d.
In case (1) B is empty, hence d = 2g − 2 + r− k. In case (2), by Clifford Theorem we have:
2(h0(M(−B))− 1) ≤ deg(M(−B)) = 2g − 2 + r − k − deg(B),
hence
deg(B) ≤ 2g − 2 + r − k − 2h0(M(−B)) + 2 ≤ 2g + r − k − 2(g − k + r − 1) = k − r + 2
and d = 2g − 2 + r − k − deg(B) ≥ 2g + 2r − 2k − 4.

Theorem 3.2. Assume that [(C,α,R)] ∈ R0g,r where C is a k-gonal curve of genus g with
g+ r ≥ k+ 3. Let Y be a germ of a totally geodesic submanifold of Aδg−1+r which is contained
in Pg,r(R
0
g,r) and passes through P (C,α,R). Then
(1) If r > k + 1, then dimY ≤ 2g − 2 + 3r+k2 .
(2) If r ≤ k + 1, then dimY ≤ 2g + r + k − 1.
Proof. Since Y is totally geodesic, for any v ∈ T[(C,α,R)]Y we must have that ρ(Q)(v ⊙ v) = 0
for any Q in I2(KC ⊗ α). Hence if a quadric Q is such that the rank of ρ(Q) is at least m
dimT[C]Y ≤ (3g − 3 + 2r)−
m
2
.
The result then follows by the existence of a quadric Q ∈ I2(KC ⊗ α) shown in Theorem 3.1,
with rank(ρ(Q)) ≥ m, where m = 2g − 2− k + r in case (1) and m = 2g − 2k − 4 + 2r in case
(2). 
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Remark 3.3. In case (2) of Proposition 3.1 if |M | is base point free we have the same estimate
as in case (1), namely rank ρ(Q) ≥ 2g−2−k+r. So in this case the bound on the dimension of
a germ of a totally geodesic submanifold Y contained in the Prym locus and passing through
P (C,α,R) with C a k-gonal curve such that |M | is base point free becomes: dimY ≤ 2g− 2+
3r+k
2 .
We will now give a bound on the dimension of a germ a totally geodesic submanifold of
Aδg−1+r contained in Pg,r(R
0
g,r) which does not depend on the gonality.
Theorem 3.4. Let Y be a germ of a totally geodesic submanifold of Aδg−1+r which is contained
in Pg,r(R
0
g,r).
(1) If g < 2r − 5, then dimY ≤ 94g +
3
2r −
5
4 .
(2) If g ≥ 2r − 5, then dimY ≤ 52g + r +
1
2 .
Proof. Recall that the gonality k of a genus g curve is at most [(g + 3)/2].
If g < 2r − 5, then k ≤ [(g + 3)/2] < r − 1, hence statement (1) follows immediately by
Theorem 3.2 (1).
If g ≥ 2r−5, r ≤ [(g+3)/2]+1. If r ≤ k+1, we apply inequality (2) of Theorem 3.2 and we
get statement (2). If k < [(g + 3)/2] and r > k + 1, then estimate (1) of Theorem 3.2 applies,
so dimY ≤ 2g − 2 + 3r+k2 <
9
4g +
3
2r −
5
4 ≤
5
2g + r +
1
2 . 
Remark 3.5. In [7] examples of Shimura curves (hence totally geodesic) of Ag−1+r contained
in Pg,r(Rg,r) when r = 0, 1 have been constructed using families of Galois covers of P
1. The
examples when r = 0 are all contained in Ag−1 with g ≤ 13, while the ones with r = 1 are all
contained in Ag with g ≤ 8.
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